The proximity effect in hybrid superconducting -normal metal structures is shown to affect strongly the coherent oscillations of the superconducting order parameter ∆ known as the Higgs modes. The standard Higgs mode at the frequency 2∆ is damped exponentially by the quasiparticle leakage from the primary superconductor. Two new Higgs modes with the frequencies depending on both the primary and induced gaps in the hybrid structure are shown to appear due to the coherent electron transfer between the superconductor and the normal metal. Altogether these three modes determine the long-time asymptotic behavior of the superconducting order parameter disturbed either by the electromagnetic pulse or the quench of the system parameters and, thus, are of crucial importance for the dynamical properties and restrictions on the operating frequencies for superconducting devices based on the proximity effect used, e.g., in quantum computing, in particular, with topological low-energy excitations.
The proximity effect in hybrid superconducting -normal metal structures is shown to affect strongly the coherent oscillations of the superconducting order parameter ∆ known as the Higgs modes. The standard Higgs mode at the frequency 2∆ is damped exponentially by the quasiparticle leakage from the primary superconductor. Two new Higgs modes with the frequencies depending on both the primary and induced gaps in the hybrid structure are shown to appear due to the coherent electron transfer between the superconductor and the normal metal. Altogether these three modes determine the long-time asymptotic behavior of the superconducting order parameter disturbed either by the electromagnetic pulse or the quench of the system parameters and, thus, are of crucial importance for the dynamical properties and restrictions on the operating frequencies for superconducting devices based on the proximity effect used, e.g., in quantum computing, in particular, with topological low-energy excitations.
The progress of modern nanotechnology opens new horizons for engineering superconducting correlations in various hybrid structures and creating, in fact, novel types of artificial superconducting materials with controllable properties [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The proximity phenomenon arising in a non-superconducting material from the electron exchange with a primary superconductor can generate the induced superconducting ordering in a wide class of materials, including unconventional ones [1] [2] [3] [4] [5] [8] [9] [10] [11] . The resulting superconducting state in these materials can controllably reveal the exotic properties very rarely found in natural metals or alloys and strongly different from the ones of the primary superconductor. The induced Cooper pairs can change, e.g., their spin structure from the singlet to a triplet one in the presence of strong spin-orbit coupling and Zeeman (or exchange) field [1, 9, 10] This spin transformation affects, of course, the momentum space structure of pairs: the routine swave condensate can turn into an exotic p-wave one. The resulting Cooper pair structure leads to the formation of topological low-energy excitations such as Majorana fermions [1, [9] [10] [11] and possesses a high potential for the development of new types of nanoelectronic devices perspective for applications in quantum computing, quantum information processing, quantum annealing, quantum memory and others [9, 10] .
No wonder that the study of both equilibrium and nonequilibrium spectral and transport properties of these systems with engineered superconducting state has become recently one of the central research directions in condensed matter physics. While dc properties of these structures have been investigated in numerous theoretical and experimental works, the dynamic effects and, in particular, high frequency response remains an appealing problem which definitely deserves deeper understanding. Indeed, the limitations on the operating frequencies for above mentioned proximized devices [12] [13] [14] [15] [16] [17] can be solely given by the dynamic characteristics of their induced superconducting ordering. The nonlinear dynamic effects are also known to provide a new route to the fascinating physics of coherent modification of the density of states etc. induced by the microwave irradiation [18, 19] Clearly, as typical quantum computing devices operate at the temperatures well below the gap of the primary superconductor, the study of the relaxation dynamics of the order parameter close to the critical temperature of the superconducting transition is irrelevant for their description. More adequate theory can be obtained by considering the so-called coherent quantum-mechanical dynamics of the system, which neglects inelastic scattering processes. In addition, in superconducting systems with the unconventional pairing the dynamic response is known to provide important information about the order parameter structure [20, 21] working as a spectroscopic tool [22] . The analogous method can provide an insight about the internal structure of the primary and induced Cooper pairing in superconducting hybrids.
Indeed, even the linear dynamic response of the superconductor near equilibrium provides a detection method of the superconducting gap structure via the coherent order parameter oscillations known also as Higgs modes [23] [24] [25] [26] [27] [28] . The name is given due to the analogy to the Higgs boson in particle physics [28] . In the low-temperature limit these near-equilibrium Higgs oscillations of the the order parameter magnitude are described by the asymptotic long-time expression ∆−∆ 0 ∼ cos(2∆ 0 t)/ √ ∆ 0 t, where ∆ 0 is the superconducting gap in equilibrium [23] [24] [25] [26] [27] 29] . The Higgs mode has been first detected using the Raman spectroscopy in the superconductors with charge density wave ordering [30, 31] as a peak at the frequency 2∆ 0 in the Raman spectrum of 2H-NbSe 2 below the superconducting transition temperature. Recent progress of the THz experimental techniques allowed the direct observation of the order parameter oscillations using the pump-probe method [32] . The broad band pump excites a power-law relaxing Higgs mode at the frequency 2∆ 0 while the narrow band pump with a well defined frequency ω induces the oscillations of the order parameter at the frequency 2ω. The resonant third harmonic generation [33, 34] provides an evidence of the Higgs mode excitation in the superconductors. An alternative method of the Higgs mode detection through Figure 1 . Illustration of three Higgs modes in SIN structure, being coherent Cooper pair splitting-recovery processes with three different frequencies ω, decay rates, and amplitudes A.
the second harmonic measurements has been recently for the current carrying states [35] . In this Letter we address an important effect of the quasiparticle spectrum of the superconducting system on long-time dynamic properties of Higgs modes and apply it to a system with proximity induced superconducting gap. Key physical phenomena related to the presence of the induced gap are demonstrated on the example of a junction of the superconductor (S) and normal metal (N) coupled via an insulating barrier (I) with a finite transparency. We analyze the distinctive features of the Higgs modes in this structure and make the predictions for the experimentally accessible relevant quantities.
Let's first consider the qualitative picture of the Higgs dynamics in SIN system, Fig. 1 , before proceeding with the further microscopic calculations. The Higgs modes in superconductors can be interpreted as a coherent splitting-recovery process of Cooper pairs. The energy difference between the ground state without quasiparticles and the excited state with two quasiparticles governs the frequency 2∆ 0 of this coherent superposition of above states as each unpaired quasiparticle brings an additional energy ∆ 0 . Due to this simple qualitative reasoning we may expect the frequencies of the Higgs modes to be determined by the quasiparticle spectrum of the system. In SIN-structure the superconducting correlations penetrate to the normal metal and induce the hard gap ∆ i in the whole system [36] . ∆ i depends on the transparency of the barrier and the size of the normal subsystem.
We claim that there are three Higgs modes in the SIN-structure corresponding to three possible processes shown in Fig. 1 . First, as in the isolated superconductor the Cooper pair may coherently split into two electrons both being located in the superconductor, Fig. 1 (a). The energy 2∆ 0 of the these unpaired electrons determines the frequency of this process. However, in the presence of the normal metal the Cooper pair splitting can be accompanied by the coherent tunneling process of either or both electrons, see Fig. 1 (b) and (c), respectively. The minimal energy of each electron which tunnels to the normal metal should be ∆ i , so the frequency of the corresponding Higgs mode is given by ∆ 0 + ∆ i and 2∆ i for n e = 1 and 2 electrons tunneling to the normal metal, respectively. The amplitudes A of these modes are expected to be reduced by the factor of D ne , where D is transparency of the barrier (provided D 1). On top of that in the first two processes, Fig. 1 (a) and (b), the coherent superposition can be destroyed by the incoherent decay of each electron located in the superconductor to the normal metal (see green wavy lines in Fig. 1 ) because the hard gap in the spectrum of the whole system ∆ i is below the energy of quasiparticle in the superconductor ∆ 0 . This effect results in an exponential damping of the Higgs modes with rate Γ s to each ∆ 0 frequency contribution. The value Γ s is an inverse lifetime of the electron in the superconductor determined by the tunneling rate from the superconductor to the normal metal. To sum up, the main result of our work can be written from the qualitative perspective as the following structure of the gap oscillations in SIN system:
with certain power-law decay rates p and q. This qualitative picture can be confirmed by the direct microscopic calculations. The considered SIN system can be described by the following Hamiltonian:
whereâ kσ andâ † kσ are the electron annihilation and creation operators in the superconducting layer, k is the index of the single-electron state and σ is the projection of the electron spin,k denotes the index of the state obtained from the state k by the time inversion operation. The operatorsb lσ andb † lσ are the electron annihilation and creation operators in the normal layer. The last term describes the tunneling between the superconductor and the normal metal. Assuming the insulating interlayer to be dirty so that the electron momentum is not conserved we consider the tunneling matrix elements γ kl to be the Gaussian uncorrelated random values [36, 37] . This model approximately describes tunneling junction if the magnitude of the tunneling matrix element γ 2 is proportional to S/(V s V n ), where S is the junction area, V s and V n are the volumes of the superconducting and normal subsystems, respectively. The superconducting order parameter ∆ is given by the self-consistency equation:
where λ is the pairing constant and V s is the volume of the superconductor, the brackets . . . denote a quantummechanical averaging. Here we assume the thickness of the superconducting subsystem to be small compared to the superconducting coherence length so we can consider ∆ to be homogeneous within the sample. We study the dynamics of the system using nonequilibrium Keldysh technique. Following approach developed in the Refs. [6, 7, 36, 38, 39] we treat the tunneling operator within the self-consistent Born approximation and write the following set of the equations for the Green's functions in the superconductor and normal metal:
where the Green's function of the superconductorG s k and the Green's function of the normal metalG n l are the 4×4 matrices in the Keldysh-Nambu spacȇ
andH s k andH n l are the single mode Hamiltonians of the superconductor and the normal metal:
The self-energies of the superconductorΣ s and the normal metalΣ n describe the tunneling between two subsystems and self-consistently expressed through the Green's functionsG n l andG s k , respectively. These self-energies are proportional to the tunneling rates of electrons from the superconductorΣ s ∝ Γ s = πγ 2 ν n V n and the normal metalΣ n ∝ Γ n = πγ 2 ν s V s , where ν s and ν n are the densities of normal states per the unit volume in the superconductor and the normal metal at the Fermi level, respectively. The derivation of the Dyson equations (A20) and the explicit form of the self-energies are given in Appendix.
In order to study the near-equilibrium dynamics of the system we expand the order parameter near ∆ 0 assuming its phase to be zero in equilibrium without loss of the generality:
Here δ∆ and δθ are the perturbations of the magnitude and the phase of ∆, respectively. One can introduce the corresponding perturbations to the Green's functions and the self-energies and linearize the system of the equations for the Green's functions with respect to the perturbation of the superconducting order parameter. Along with the linearized self-consistency equation (A9) this system can be reduced to the equations for the eigenmodes of the order parameter in the Fourier form (see Appendix for details):
The off-diagonal kernels K and K are equal exactly to zero in the systems which have electron-hole symmetry and can be neglected if the Fermi level both in the superconductor and the normal metal is far from the van Hove singularities in the density of states [41] . The singular points of [1 − K ∆ (ω)] −1 and [1 − K θ (ω)] −1 correspond to the frequencies of the Higgs and Anderson-Bogoliubov modes of the superconductor. The perturbations of the magnitude and the phase of the order parameter are completely independent so hereafter we focus only on the study of the Higgs modes.
The linear response of the superconducting order parameter to an external force f (ω) takes the following form:
Previous studies [32] [33] [34] 42] show that this force can originate, e.g., from the pulses of the external electromagnetic field. In Fig. 4 the typical frequency dependencies of the real and imaginary parts of [1 − K ∆ (ω)] −1 are shown for some particular values of the tunneling rates. The spectrum of the Higgs modes appears to be consistent with the picture shown in Fig. 1 . The broadened features at the frequencies ω ≈ ±2∆ 0 and ω ≈ ±(∆ 0 + ∆ i ) are seen clearly, while the singularity at ω = ±2∆ i can be seen only in the zoomed inset. The latter singularity corresponds to the low frequency Higgs mode, Fig. 1(c) . This mode has no exponential damping as ∆ i is a hard gap of the whole system (the singular point of the kernel is exactly at the real axis). It means that this low-frequency mode gives the major contribution to the oscillations of the order parameter in the long time limit, t Γ −1
n , however the amplitude of this mode is few orders of magnitude lower than the amplitude of the usual Higgs mode due to the low transparency of the insulating barrier.
The kernel K ∆ can be evaluated analytically in the zero temperature limit and Γ n = 0 which corresponds to the bulk normal metal V n → ∞ with the suppressed induced superconducting ordering and vanishing induced gap ∆ i = 0:
where ω 1 = ω + iΓ s , ω 2 = ω + 2iΓ s , and F (x, y) = 2∆
In the isolated superconductor, Γ s = 0, the kernel as a function of the complex frequency ω has two branch points at ω = ±2∆ 0 which give the usual polynomially damped Higgs mode in the superconductor. In the presence of tunneling, Γ s > 0, these branch points shift to the points ω = ±2∆ 0 − 2iΓ s corresponding to exponential damping of this mode. Moreover, two additional branch points at ω = ±∆ 0 − iΓ s appear triggering a new Higgs mode, which has already revealed itself in Fig. 4 . The absence of the low frequency mode at 2∆ i is rather expected for the considered case Γ n = 0 because the electrons of the normal metal are not affected by the proximity with the superconductor and, thus, cannot form a Cooper pair as in Fig. 1(c) . As a result they do not contribute to the order parameter oscillations. The asymptotic behavior of the order parameter perturbation in the intermediate-time
s reads as
The details of calculations, restrictions on the analytic properties of the exciting force f (ω), and the expressions of parameters a, b, α and β depending on the exciting force are given in Appendix. The first term in (12) describes the forced oscillations of the order parameter which occur at the frequencies corresponding to the poles of the Fourier spectrum of the external force f (ω). The finite tunneling rate Γ s leads to the exponential damping of the oscillations of the order parameter and appearance of a new Higgs mode at the frequency ∆ 0 with the magnitude suppressed by factor Γ s /∆ 0 . This mode corresponds to the middle-frequency mode ∆ 0 +∆ i shown in Fig. 1(b) in the limit ∆ i = 0. Let's emphasize once again that all the above analysis was related to the case of the small tunneling rates Γ s ∆ 0 . In the opposite limit Γ s ∆ 0 we get the gapless superconductivity with a pure imaginary frequency of the Higgs mode: ω = −i∆ 2 0 /Γ s . The relaxation of the order parameter in this limit is described by the decaying exponent δ∆(t) ∝ exp(−∆ 2 0 t/Γ s ). The Higgs modes of the SIN system can be studied using a pump-probe experiment similar to the one developed in the Ref. [32] . The measured δ∆(t) can be analyzed using the Fourier transform. The Fourier spectrum is expected to have two peaks at ω ≈ 2∆ 0 and ω ≈ ∆ 0 + ∆ i corresponding to the above Higgs modes of the SIN system. In the limit of low transparency D 1 the mode with the frequency 2∆ i has too low magnitude so it's experimental observation can be hampered, however it may be visible at intermediate transparencies D ∼ 1, ∆ i ∆ 0 . Another way to detect the Higgs modes is the experimental studying of the frequency dependence of the third harmonic generation [33, 34] . The electromagnetic wave with the frequency Ω excites the Higgs mode with the frequency 2Ω. The magnitude of the generated nonlinear signal with the frequency 3Ω should depend on the magnitude of the oscillations of the order parameter and therefore one can expect the appearance of the broadened resonances in the third harmonic response if the frequency 2Ω is close to the frequency of any of the Higgs modes. However, the effect of generation of non-equilibrium quasiparticles by the electromagnetic radiation with the frequency Ω > 2∆ i may complicate the observation of the resonant effect in the third harmonic generation. The overheating can be significantly reduced at intermediate transparencies D ∼ 1 when the induced gap is high enough 3∆ i > ∆ 0 . This improves the observability of the resonance at 2Ω = ∆ 0 + ∆ i predicted above.
To sum up, the effect of the quasiparticle spectrum of the superconducting system on the low-temperature dy-namics of the order parameter has been studied on an example of a hybrid superconductor-insulator-normal metal system. Two new Higgs modes in such system have been discovered. The frequencies of these modes are formed by sums of the two quasiparticle energies, which are in a good correspondence with the qualitative interpretation of the Higgs modes as of coherent processes of splitting and recovery of the Cooper pairs, Fig. 1 . The proposals of experimental observation of these new Higgs modes in hybrid SIN system have been developed basing on the existing THz techniques used for study of the Higgs modes in the pure superconductors.
This Thus, we can write two independent equations for the Green's functions in the superconductor and the normal metal:
where the self-energies of the superconductor and the normal metal are:
These equations written in the diagram form are shown in the Fig. 3(a) . These equations are not practical to use as they contain the tunneling matrix elements γ kl which are the random numbers. One can average the equations over the random matrix elements, the average of the product of the matrix elements can be expanded as sums of correlators due to the Wick theorem, thus, the averaged Green's function can be written as a sum of diagrams. We omit the diagrams with the intersecting correlators (thus, we neglect the vertex corrections) and take account only of the diagrams with the consequent and nested correlators. Such approach is known as selfconsistent Born approximation. The diagrammatic form of the Dyson equation for this approximation is shown in the Fig. 3(b) . After the averaging the self-energies and the Green's function appear to be diagonal in the normal mode picture and obey the following equations:
In the wide band approximation the sum over the normal modes can be replaced with the integral over the normal
Here we have introduced the tunneling rates Γ s = πγ 2 ν n V n and Γ n = πγ 2 ν s V s .
whereG s 0k ,G n 0l andΣ s/n are the equilibrium Green's functions and self-energies of the superconductor and the normal metal with the account of tunneling. The closed set of equations for the linear perturbations of the Green's functions and the self-energies reads as:
The perturbation to the single mode Hamiltonian of the superconductor is δH s = δ∆τ 1 − i∆ 0 δθτ 2 . One can easily solve the equations for δG in the Fourier form:
where the Fourier transform of the Green's functions is defined as follows:
We introduce the quasiclassic Green's function δg s = δG s k dξ s k and write an algebraic equation for it:
The above equation can be considered as a system of 12 linear equations for the 12 components of matrix Green's functiong(ω, ω ) (retarded, advanced and Keldysh, each of them is 2 × 2 matrix). Each integral can be evaluated analytically because the equilibrium Green's functions are rational functions of the normal energies ξ s k and ξ n l . The solution can be written in the following form:
One should use the selfconsistency equation (A9) and obtain the expression for all the kernels in the equation (7) of the main text of the paper:
Appendix C: Bulk normal metal Γn = 0
In the case Γ n = 0 the self-energies of the superconductor are determined by the equilibrium Green's functions of the normal metal, and, assuming zero temperature limit we have: This integral diverges logarithmically, however it can be regularized using the equilibrium selfconsistency equation for ∆ 0 . Finally, one can obtain the Eq. (11) of the main text of the paper: 
The plots of [1 − K ∆ (ω)] −1 are shown in Fig. 4 for the cases of the (a) low and (b) high tunneling rates.
1. Derivation of the long time asymptotics of the order parameter
